Geometric construction of balanced block designs with nested rows and columns  by Mukerjee, Rahul & Gupta, Sudhir




Geometric construction of 
balanced block designs with 
nested rows and columns 
Rahul Mukerjee and Sudhir Gupta 
Division of Statistics, Department of Mathematical Sciences, Northern Illinois University, 
DeKalb, IL 60115, USA 
Received 26 January 1988 
Revised 5 July 1989 
Abstract 
Mukerjee, R. and S. Gupta, Geometric construction of balanced block designs with nested 
rows and columns, Discrete Mathematics 91 (1991) 105-108. 
A new series of balanced block designs with nested rows and columns is constructed using the 
finite Euclidian geometry. Some such designs along the line of Cheng (1986) are also 
considered. A result on the system of distinct representatives is seen to be helpful in the 
derivation. 
1. Introduction 
Consider block designs with nested rows and columns involving v treatments in 
b blocks of k = pq units each, arranged in p rows and q columns within each 
block with each treatment replicated r times. Let N, N,, Nz be the treatment- 
block, treatment-row and treatment-column incidence matrices respectively. The 
design will be balanced if 
pN, N; + qN,N; - NN’ = gl + iu, (1) 
for some integers g and A, where Z is the identity matrix and .Z is a square matrix 
of l’s, both of order u. Such a design is denoted by BIBRC{u, b, r, p, q, A} if 
pq < v or by BCBRC{u, b, r, p, q, A} if pq = v. Singh and Dey [6] defined 
BIBRC/BCBRC designs and discussed some methods of constructing them. 
Further methods of construction were given by Agrawal and Prasad [l], Street [7] 
and Cheng [2]. Some designs of this type have also been given by Preece [4]. 
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2. Main result 
Let there be sm(m 2 2) treatments where s is a prime or a prime power. These 
treatments are identified with the srn points in EG(m, s). For a fixed t (1~ t < m), 
let {A,, AZ, . . . , A,} represent a maximal collection of t x m matrices over 
GF(s), each with full row rank, such that the row spaces of Al, A,, . . . , A, are 
distinct. Clearly then u equals the number of distinct (m - t)-flats in EG(m, s) 
divided by s’, i.e., u= @(m- 1, t- 1, s); see Raghavarao [5, p. 3591. For 
1 <j < u, let Bi be an (m - t) X m matrix over GF(s) with full row rank and 
satisfying A,B,’ = 0. Obviously then {B,, B2, . . . , B,} represents a maximal 
collection of (m - t) x m matrices over GF(s), with full row rank and having 
distinct row spaces. Note that nonsingular transformations, including permuta- 
tions, of rows of Aj (or Bj), 1 cj s u are not regarded as giving distinct matrices. 
Since the operations are over a finite field, (A;, Bi)’ is not necessarily 
nonsingular, but one has the following lemma which will be helpful. 
Lemma. There exists a permutation {z,, z2, . . . , z,} of (1, 2, . . . , u} such that 
(Al, B:,)’ is nonsingular, 1 sj s u. 
Proof. For 1 cj < u, let 
Sj = {h: (Al, BA)’ is nonsingular}, ST = (h: (AA, Bi)’ is nonsingular}. 
It may be seen that h E Sjej E Sx and that for each j, both Sj and ST have 
cardinality s’(“-‘) (= W, say). In other words, each set in the collection 
s = {S,, Sz, *. . f S,} has cardinality w and each of the symbols 1,2, . . . , u occurs 
in exactly w sets of the collection S. Consequently, by Theorem 6.5.6 in 
Raghavarao [5], the collection S admits a system of distinct representatives. Thus, 
there exists a permutation {zl, z2, . . . , z,} of (1, 2, . . . , u} such that Zj E $9 
1 <j c u, proving the lemma. 0 
Consider now the following arrangement of the s”’ treatments in u blocks such 
that each block is nested into s’ rows and sm-’ columns. Let for 1 s a 6 m, T, be 
the set of all a x 1 vectors over GF(s). The rows and columns in each block will 
be indexed by the elements of T, and T,_, respectively. For 1 <j c u, the 
treatment x E EG(m, s) is allocated, in the cell corresponding to the cuth row and 
/3th column (W E T,, /3 E T,_,) of the jth block if 
K:,lx = [;I. 
Using the lemma, (A,!, B:,)’ is nonsingular so that a solution to (2) is unique. 
Considering all the u blocks together, the rows of the design represent the 
distinct (m - t)-flats of EG(m, s). Hence the treament-row incidence matrix N1 
will be that of a BIB design. Similarly, the treatment-column incidence matrix N2 
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is also that of a BIB design. Finally, the treatment-block incidence matrix N is 
that of a randomized block design. Hence by the explicit computation (using 
Raghavarao [5, p. 3591) it may be seen that (1) holds with A = (s”-’ - l)@(m - 
2, t - 2, s). This leads to the following theorem. 
Theorem 1. Zf s is a prime or a prime power, then for every m (32) and every t 
(1 G t < m), there exists a BCBRC design having parameters 
v =sm, b=r=$(m-l,t-l,s), p = s’, 
q = sm-t, A = (sm-1 - l)@(m - 2, t - 2, s). 
It is worth noting that the designs given by Theorem 1 have very strong balance 
property because each of MV’, N,N; and N,Ni is of the form vlZ + &J. Clearly, 
the theorem gives many new BCBRC designs. For certain treatment numbers, 
e.g. v = 23, 33, those given by the theorem are the only designs and no other 
systematic method of construction is available in the literature. In particular, for 
m = 2, t = 1, a balanced lattice square is obtained. It is also noteworthy that the 
designs of the theorem can be looked upon as factorial designs which have 
orthogonal factorial structure and are factorially balanced in the sense of 
Kurkjian and Zelen [3]. 
Example. Let m = 3, s = 2, t = 1. Then u = 7 and we may take 
A, = (1 0 0), A2 = (0 1 0), A3(0 0 l), A‘,= (1 1 0), 
A, = (1 0 l), A6= (0 1 l), A, = (1 1 l), 
Note that (Al, B,!)’ is singular for i = 4, 5, 6, but that { 1,2,3,5,6,4,7} is a 
permutation of { 1,2, . . . ,7} required to achieve nonsingularity in the sense of 
the lemma. The first block is then obtained by using (Al, B;)’ in (2) and this 
block is given by 
000001010011 
100101110111 
The other blocks of the design are as shown below: 
000001100101 000 010 100 110 000111001110 
010 011 110 111 001011 101 111 101010 100 011 
000 111010 101 000111100011 000110 011101 
011 100 001 110 110001010101 111001 100 010 
Thus we get a BCBRC{8,7,7,2,4,3}. 
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Suppose now there exists a BIB design, say d,, having parameters 
(s’, b’, r’, k’, A’). Then using the methods of Theorem 1 of this article, together 
with Theorem 2.1 in Cheng [2] we can construct a 
BIBRC{s”, b’c#+n - 1, t - 1, s), r’@(m - 1, t - 1, s), 
k’, Sm-l, A’(Sm-r _ l)$(m - 2, t - 2, S)}. 
In particular, d, may be the unreduced BIB design with S’ treatments and block 
size k’; then the resulting series with m = 2, t = 1, k’ = s - 1 gives Corollary 3.1 
in Cheng [2]. Clearly, there may be many other choices of d, (e.g., for t 2 2, the 
blocks of d, may be formed by taking the distinct t’-flats of EG(t, s), 1 s t’ <t) 
and each such choice when combined with the design in Theorem 1, in the sense 
of Cheng [2], may lead to a new BIBRC design. 
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